Abstract. Dark matter halos can be defined as smooth distributions of dark matter placed in a non-smooth cosmic web structure. This definition of halos demands a precise definition of smoothness and a characterization of the manner in which the transition from smooth halos to the cosmic web takes place. We introduce entropic measures of smoothness, related to measures of equality previously used in economy and with the advantage of being connected with standard methods of multifractal analysis already used for characterizing the cosmic web structure in N -body simulations. These entropic measures provide us with a quantitative description of the transition from the small scales portrayed as a distribution of halos to the larger scales portrayed as a cosmic web and, therefore, allow us to assign definite sizes to halos. However, these "smoothness sizes" have no direct relation to the virial radii.
Introduction
The large scale structure of the Universe can be described as a "cosmic web" formed by matter sheets, filaments, and nodes, plus the cosmic voids that these objects leave in between. This type of structure was initially proposed in connection with simplified but insightful models of the cosmic dynamics [1, 2] and has been since confirmed by galaxy surveys and cold dark matter N -body simulations. These simulations have especially contributed to the understanding of structure formation. The analysis of cold dark matter N -body simulations has consistently shown that, on smaller scales, the cosmic-web structure transforms into a distribution of relatively smooth dark matter clusters or halos that have a limited range of sizes. Halo models of the large scale structure of matter [3] are now very popular indeed. Dark matter halos were initially introduced to model the invisible matter surrounding galaxies, but present halo models are concerned with the large scale distribution of halos in space [4] [5] [6] as well as with the distribution of matter within individual halos [7] [8] [9] . Actually, the essence of halo models is to separate the full dark matter distribution into one part corresponding to the distribution of dark matter inside halos and another corresponding to the distribution of halos centers in space [3] . The distribution of dark matter inside a halo is smooth, save for the density singularity at its center and the possible presence of other halos (subhalos) close to it. The distribution of halo centers in space must follow the cosmic-web structure.
The geometry of the cosmic-web structure belongs to the geometric type of sets and distributions that have noticeable geometric features on ever decreasing scales. This type of geometry is generally referred to as fractal geometry [10] . Naturally, the range of scales of the cosmic web in N -body simulations is bounded above and below, the lower bound owing to the existence of halos. In general, fractal geometry is linked to scale invariance, although it does not require strict scale invariance but just some kind of self-similarity, as indeed appears in nonlinear dynamical systems in which the dynamics is characterized by the absence of reference scales and is driven to a multifractal attractor. This is the case of the dynamics of continuous collision-less cold dark matter (CDM), only ruled by the gravitational interaction, namely, by the Vlasov-Poisson equations. The cosmic web produced by this type of dynamics has fine structure and, furthermore, it is, arguably, statistically self-similar. This is demonstrated by the results of CDM N -body simulations [11] [12] [13] [14] [15] [16] . Furthermore, the large scale structure produced by CDM N -body simulations can be described as a distribution of halos in a multifractal cosmic web structure [14, 15, 17] .
Given that the continuous CDM dynamics does not introduce any scale, one may ask what determines the range of sizes of halos. One may assume that the range of halo sizes is given by the initial conditions, so different initial conditions can give rise to different ranges. However, one needs not appeal to the initial conditions to explain the size of halos in N -body simulations, because these simulations break explicitly scale invariance, by introducing two related scales, namely, the discretization length N −1/3 (length of the cube with one particle on average), and the gravity-softening length. Discreteness primarily affects underdense regions: information about cosmic voids is absent on scales smaller than the discretization length [15, 16] . Therefore, scales smaller than N −1/3 can only provide, at best, a distorted portrait of the cosmic web. Reversing the argument, one concludes that the transition from a cosmic-web structure to a distribution of smooth halos may have something to do with the effects of discreteness. Indeed, this transition seems to take place on scales close to N −1/3 , and, arguably, it is determined by discreteness effects [18] . This conclusion is inevitable if we accept that the full cosmic web, with features on ever decreasing scales, is the proper geometry of the cosmological solutions of the continuous Vlasov-Poisson equations; that is to say, if the full cosmic web is the multifractal attractor of these nonlinear equations with cosmological initial conditions. At any rate, halos, as high density regions, are generally well sampled below the discretization length, unlike voids. In fact, in the multifractal model of the cosmic web, the part of the multifractal spectrum that corresponds to high density regions and hence to halos can be obtained accurately on scales considerably smaller than N −1/3 [15, 19] . Therefore, one may wonder why the smooth aspect of halos is so different from a cosmic-web structure, that is to say, why such a drastic transformation takes place on scales close to the discretization length. A thorough analysis of the influence of discretization on the sizes and the smoothness of halos would require us to compare various N -body simulations and, therefore, it would demand a considerable use of computing resources. Before undertaking this job, it is necessary to have a better understanding of the factors determining the size and smoothness of halos and the transition to the cosmic web structure in N -body simulations. This can be achieved with the analysis of one N -body simulation with good resolution.
Dark matter halos were initially conceived as dark matter concentrations that are approximately spherical and centered on peaks of the density field, although now it is understood that halos are more or less ellipsoidal [3] . Halos are usually bounded at their virial radii, but there is no really natural halo boundary and there are various definitions of it [20] . The definition of the halo boundary at the virial radius can be criticized on various grounds and, especially, concerning the suitability of the spherical collapse model [18] . An alternative is precisely to use smoothness as the property of the dark matter distribution in a halo that defines its boundary. If we define the radius of a halo as the value at which smoothness is lost, then the question is whether that radius has any relation to the virial radius.
Although smoothness is easily perceived by the human eye, a precise (mathematical) definition of it is not obvious and may depend somewhat on the application. Therefore, our first concern must be to provide a characterization of smoothness that is suitable for N -body simulations. Of course, the smoothness of dark matter halos, or, rather, their nonsmoothness, has already been studied in the literature. In fact, one of the central problems of the CDM model, namely, the "missing satellites problem", is directly related to the graininess of dark matter halos [21] . To quantify the graininess of dark matter halos, Zemp et al [22] employ statistical measures and apply them to a Milky Way-mass dark matter halo in an N -body simulation, namely, the Via Lactea II (VL2) simulation [23] . Our work is related to Zemp et al's [22] , but we consider the question of inner halo structure in relation to the larger scale structure, that is to say, our concern is the transition from a smooth distribution on halo scales to a self-similar cosmic-web structure on large scales (or vice versa). Therefore, our statistical methods are essentially different from theirs.
Once we have the appropriate characterization of smoothness, we can analyze the smoothness of a number of halos in N -body simulations, to determine the variation of smoothness as one proceeds from small values of the radius to the virial radius and beyond. For sufficiently large radius, smoothness must disappear and the distribution of particles at fixed radius must become strongly anisotropic, as the distribution acquires the features of the cosmic web.
Discreteness effects are associated to the scale N −1/3 , but the gravity softening and its corresponding scale also play a role in the smoothness of halos. A softening length is needed in every method of gravity softening and is commonly chosen to be much smaller than the discretization length [24] . Whether this is correct or not is a controversial issue [25] [26] [27] [28] , but it is commonly accepted that it is. We briefly discuss the influence of the two scales on the size of halos, which is still a moot question.
To summarize, our plan is the following. We present the problem of halo smoothness in Sect. 2, and introduce an entropic measure of (non)smoothness that is suitable for N -body simulations and that takes into account the cosmic-web structure. We compare our entropic measure to the measures of Zemp et al (Sect. 2). In Sect. 3, we apply our measure to a number of halos from the Bolshoi simulation [36] , as one recent CDM N -body simulation with good mass resolution, and to the Milky-Way VL2 halo. The latter is useful for a quantitative comparison with the results of Zemp et al, but the Bolshoi simulation contains a large number of halos which allow us to compare different halos in the same simulation. Furthermore, the Bolshoi simulation is suitable for a multifractal analysis of the cosmic-web structure (Sect. 3) that is useful to characterize the transition from halos to the cosmic web. Some general considerations on the relation between the smoothness of halos and the discreteness parameters of N -body simulations appear in Sect. 4. Finally, we present our conclusions in Sect. 5.
Smoothness and isotropy of halos
A dark matter halo consists of a distribution of dark matter particles with a radial density profile that is singular at the center [3] . In general, this singularity is found to be of power-law type, although its exact form could be slightly more complicated [9] . For r > 0, the density is finite and a smooth function of the coordinates. The question addressed in this paper is the extent of the smooth distribution of matter that can be associated with halos rather than the precise properties of the halo radial density profile. This question is essentially the same question studied by Zemp et al [22] , because graininess is opposite to smoothness, so smoothness ends as graininess begins. Although it may be taken for granted that the distribution of dark matter has to be smooth on sufficiently small scales, this is not a logical necessity, and in a fully multifractal cosmic web structure the singularities appear essentially everywhere, not only in isolated halo centers [14, 15] .
The first problem to characterize the smoothness of halos is that there is no general agreement on how to define individual halos in N -body simulations (for a recent and comprehensive reference about halo finding, see [20] ). Nevertheless, halos are certainly mass concentrations, and most halo finders begin by locating peaks in a suitably defined coarsegrained density field, which are the potential halo centers [20] . Of course, there is no unique definition of this coarse-grained density field, so the locations of halo centers may be slightly inaccurate, but this is not important. Once chosen one halo center, it is necessary to determine the extent of the halo. According to our hypothesis, the halo ends where the smooth distribution of particles transforms into a grainy distribution identifiable with the expected large-scale cosmic-web structure. In other words, if we imagine a spherical surface with origin on the halo center and with increasing radius, at some radius, the spherical surface must intersect a distribution that is essentially indistinguishable from the cosmic web.
There are two main features that distinguish qualitatively the cosmic-web structure from a smooth matter distribution: the cosmic web displays strong anisotropy and a rapid variation of the (coarse-grained) density between neighboring points. If we intend to measure these properties, we need precise mathematical definitions of them. Mathematically, a function is smooth if it has an infinite number of derivatives or, at least, a sufficient number of them. In a restricted sense, a function is called smooth if it is differentiable. Therefore, the natural procedure to determine the smoothness of a point distribution that results from an N -body simulation should be to compute derivatives of the coarse-grained density. Thus, the first problem would be to define a coarse-grained density and its derivatives. However, there arises a serious problem with this method: one cannot expect smoothness of the small scale dark matter distribution in the mathematical sense, because halo radial density profiles are singular at r = 0. At a singular point, the density and its derivatives diverge (the more, the higher the derivatives). Nevertheless, we expect that isolated singularities, unlike the singularities in multifractals, preserve some degree of smoothness. However, we have to bear in mind that a collection of isolated power-law singularities can approach a multifractal as the density of singular points increases [14] and, hence, the difference between a multifractal cosmic web and a suitable distribution of smooth halos with power-law profiles is quantitative rather than qualitative. We can measure the degree of smoothness by comparing global measures of the magnitudes of the derivatives of the coarse-grained density as functions of the coarse-graining length. We have tried this method but it is rather cumbersome.
At any rate, a more useful feature distinguishing between the dark matter distribution inside halos and the cosmic web is the change from mild to strong anisotropy. A deep study of the cosmic-web anisotropy requires sophisticated mathematical concepts. Indeed, the cosmicweb anisotropy is due to its morphological structure, namely, to its filaments and sheets, which are described through sophisticated topological constructions [29] [30] [31] . Whatever the method employed to measure the cosmic-web morphology, we know that the anisotropy, close to a halo center, can be just reduced to an ellipsoidal profile, whereas, on larger scales, the anisotropy patterns are much more complex. If we consider a spherical shell centered on a halo, the density in it must be fairly smooth for small radius but become increasingly nonsmooth as its radius grows. In other words, non-smoothness and anisotropy are related; or, to be more precise, the type of anisotropy that is relevant for delimiting a halo is characterized by the degree of non-smoothness inside spherical shells. Therefore, the smoothness can be measured through the anisotropy and vice versa. Note that the singularity at the halo center is avoided by measuring smoothness only in spherical shells. Now, we need to devise a measure of non-smoothness of the distribution in a spherical shell. We expect to find a smooth source of anisotropy at all radii, namely, triaxiality, but also sharp local deviations from isotropy due to the presence of subhalos, which must appear at some distance from the center. Farther from the center, there appear more complex patterns, in particular, underdense regions and holes [22] , as the shell intersects the voids of the cosmic web structure. In summary, we must expect that the smooth distribution in a small-radius shell transforms, as the radius gets large, into a very inhomogenous distribution that displays features corresponding to the cosmic web.
Counts in cells for spherical shells
To measure the non-uniformity of the distribution of particles in a spherical shell, we can compare the angular spherical coordinates of the particles in it, say {φ i , θ i } k i=1 , to the ones corresponding to a uniform distribution. To do this, we must realize that, for a uniform distribution in spherical coordinates, the azimuth angle φ must have a uniform distribution in [0, 2π], but this does not apply to the polar angle θ: actually, it is cos θ the quantity that must be uniformly distributed in its range, [−1, 1] . For simplicity, we use φ/(2π) and (1 + cos θ)/2, which must have a uniform density in the unit square [0, 1] × [0, 1]. These coordinates, of course, belong to the set of coordinate systems defined in geography for cylindrical equal-area projections [32] (but note that the square projection is uncommon).
To check if the density of the k values of these redefined angular coordinates conforms to uniformity, we can use counts in cells: in a uniform distribution, the fluctuations of counts in cells conform to the binomial distribution or, for sufficiently large samples, to the Poisson distribution.
While it is easy to test for the Poisson distribution, for example, we must take into account that there are two expected sources of non-uniformity, namely, the triaxiality of halos and the presence of subhalos in a given halo. This is pointed out by Zemp et al [22] , who propose to evaluate underdense regions in the VL2 halo as a more suitable measure of its graininess. In this regard, one could apply to the study of voids in the distribution of particles in a spherical shell similar statistical methods to the ones applied to voids in the full three-dimensional particle distribution (such as the methods in [16] , for example). Zemp et al [22] actually use one elementary statistic: the void probability function, namely, the probability that a given region be empty (the region that they take is a small ball with center in the shell). This statistic is sufficient to rule out (for large enough shell radius) a uniform distribution or even a smooth triaxial distribution with subhalos, as they do.
The void probability function can also be estimated from counts-in-cells in a spherical shell. However, it is useful to consider quantities that are not only concerned with almost empty cells, belonging to voids. In fact, the most useful quantities must take all the cells into account and provide a measure of the inequality or statistical dispersion of counts-in-cells. Such quantities are commonly employed in economy, for example, to measure inequality of income, where the units of income are individuals, cities, etc. [33] . Zemp et al [22] employ the Gini coefficient, one inequality measure that has become very popular. Another inequality measure very popular in economy is Theil's entropic index [33] , which is inspired by information theory. Indeed, the problem of income distribution is just one instance of the general problem of the partition of some measurable quantity (mass, money, etc.). When this quantity is discrete, the partition problem is equivalent to the combinatorial problem of the distribution of a set of particles in a number of cells. The standard measure of uncertainty in the choice of one particle is the Boltzmann-Gibbs-Shannon (BGS) entropy. A useful generalization of it is the Rényi entropy [34] , which constitutes a suitable measure of the statistical dispersion of a partition in cells and, as such, can be used in the analysis of cosmological N -body simulations [19] . Here, this measure is applied inside spherical shells. Let us remark that generalized entropy indices are also employed in economy [33] , but they are based on a type of entropy that is different from Rényi entropy and does not have all its desirable properties; in particular, it is not additive.
Entropic measures
The Rényi entropies
. The limit of S q as q → 1 just yields the standard BGS entropy. The Rényi entropies with q ≥ 0 are bound, namely, 0 ≤ S q ({p i }) ≤ log 2 M . Hence, it is convenient to divide them by log 2 M , so that they become numbers between 0 and 1, the former corresponding to maximum order or inequality, and the latter to minimum order (uniformity). Then, the bounds are the same ones as for the Gini coefficient although their meaning is reversed. The entropic coefficients defined in this way, namely, S q ({p i })/ log 2 M , are related to Rényi dimensions: they are just coarse Rényi dimensions [35] divided by the dimension of the ambient space, which is, in the present case, a two-dimensional spherical surface, instead of the ordinary threedimensional Euclidean space. Therefore, we can consider the entropic coefficients alternately as constituting a particular type of inequality measures or as a sort of coarse Rényi dimensions (independent of the dimension of the ambient space).
The connection of entropic coefficients with Rényi dimensions solves the general problem of the dependence of inequality measures on the chosen unit, that is to say, on the size of the cell, in our case. Unlike in economy, where the division of income into individuals or other units is natural, our cell size is arbitrary. However, this arbitrariness is immaterial provided that coarse Rényi dimensions converge to their values D q in the continuum limit, namely, in the limit in which the number of particles and the number of cells tend to infinity. This convergence takes place in multifractals and guarantees certain independence of cell size. Indeed, a multifractal distribution is precisely defined by the existence of the moment exponents τ (q) = (q − 1)D q . Self-similarity is a sufficient but not necessary condition for it. In a self-similar multifractal, the limit values of D q are reached in the scaling range. This useful property of the Rényi entropic coefficients is not shared by the Gini coefficient or other inequality measures. In addition, the coarse Rényi dimensions of halo shells are certainly useful to compare properties of individual halos to those of the full self-similar cosmic-web structure, namely, to the multifractal properties of the cosmic web alternately described by its multifractal spectrum or its Rényi dimensions [15, 19] .
In conclusion, we employ the entropic coefficients S q ({p i })/ log 2 M of the counts-in-cells in the unit square corresponding to equal-area angular coordinates of particles in a spherical shell of a halo. Next, we have to determine the thicknesses of shells and the numbers of cells in them. These are related issues: every shell must contain a sufficient number of particles for meaningful counts, that is to say, for having a not too small number of cells and a not too small number of particles per cell. A too small number of cells may average out large fluctuations that take place on small scales. Indeed, the entropic coefficients S q / log 2 M are only certain to approach the Rényi dimensions for large M . On the other hand, for a given number of particles in one shell, a too large M leaves most cells empty, and the occupied ones can only have a too small number of particles. Unfortunately, we cannot have a big number of particles per shell, especially, for small radii, because it makes the shell too thick; that is to say, a compromise is needed. We find it suitable to have 1024 particles per shell, for any radius, and M = 64 cells per shell, obtained with a 8 × 8 mesh in the unit square. These 64 cells play the role of the 10 4 spheres used by Zemp et al [22] for the computation of Gini coefficients (and other quantities). Our number of cells is much smaller but is sufficient: we have checked that it does not lead to notable statistical errors (for reasonable values of q).
When we observe how the q ≥ 1 entropic coefficients of one shell in a given halo vary with the radius of the shell, we notice that they start at values close to one and have a generally decreasing trend. This is in accord with the expected transition from small-scale smoothness to large-scale graininess. However, we can also notice that the regular decreasing trend is punctuated by sudden dips, which naturally correspond to strong inhomogeneities due to subhalos. Subhalo singularities strongly alter an otherwise fairly smooth distribution. Of course, this expected source of non-uniformity is best discarded. In a thin shell, there can only appear one subhalo, or perhaps a few of them. To avoid taking them into account in the computation of entropic coefficients, we can just remove a few of the most populated cells of every shell. This hardly alters the overall smoothness properties of the distribution in the shell but avoids subhalo singularities. We choose to remove the four most populated cells of every shell, reducing M to 60. Hence, the entropic coefficients are given by
This simple operation reduces substantially the disturbing effects of subhalos. Our complete procedure consists of splitting a halo in successive shells with 1024 particles, in an onion-like structure, and computing a number of entropic coefficients for each shell, up to values of the radius such that the coefficients stabilize (if it so happens). The q ≥ 1 coefficients must always decrease outwards. Assuming that the q = 0 Rényi dimension of the cosmic web is D 0 = 3, then the q = 0 entropic coefficient must be always close to one and the q > 0 coefficients must decrease outwards. Conversely, the q < 0 coefficients should increase outwards. For sufficiently large radii, all the coefficients must approach the ones that correspond to the cosmic web. The variation of entropic coefficients with radius must display a gradual transition from smoothness to graininess (except for the local effects of subhalos). A similar transition is found by Zemp et al [22] .
In the next section, we consider the specific contribution of triaxiality as a smooth source of inequality of counts-in-cells.
Graininess versus triaxiality
The density in spherical shells of a triaxial halo is not uniform, so the entropic coefficients deviate from one, even in the absence of real graininess. If an N -body simulation halo were such that we could include a number of particles per shell much larger than 1024, we could easily differentiate triaxiality from real graininess by substantially increasing the number of cells, M , which would make irrelevant any smooth variation of density, in particular, the one due to triaxiality. Indeed, in so doing, we would be approaching the computation of Rényi dimensions, which are unaffected by any smooth variation of density. However, with just 1024 particles per shell and M = 64, we need to estimate the effect of triaxiality.
To see how anisotropy due to triaxiality but not to graininess reflects in the entropic coefficients computed with 1024 particles in 64 cells, we calculate these coefficients for a smooth distribution with considerable triaxiality, namely, a deformed pure power-law radial density profile: the profile r −2 subjected to an affine transformation to obtain axis ratios 2/3 and 1/3. Then, our smoothness measuring procedure is applied to 1024 points in a 0.4%-thick shell, yielding coefficients 1, 0.965, 0.940, for q = 0, 1, 2, respectively. The last two coefficients differ significantly from one, yet they are close to one. 1 However, there are many Bolshoi halos with a ratio of minor to major axis smaller than 1/3; and, in fact, there are even large halos with a value of that ratio close to 1/10. At any rate, there are also many quasi-spherical halos, with negligible triaxiality. Therefore, to prevent any contribution from triaxiality, we select halos with a ratio of minor to major axis larger than 0.85.
Smoothness of halos in N-body simulations
Now we analyze the smoothness of halos in the Bolshoi and VL2 simulations, with the procedure described above. We first summarize the characteristics of these simulations.
Furthermore, since the multifractal properties of the cosmic web play a role in our arguments, we also provide the results of a multifractal analysis of the Bolshoi simulation, carried out as explained in [15] and, especially, in [19] , where it is demonstrated that taking the transition to homogeneity into account improves the accuracy of the results.
Bolshoi and Via Lactea II simulations
The Bolshoi simulation is described by Klypin et al [36] . Here we quote its most relevant parameters. The simulation assumes cosmological parameters Ω Λ = 0.73, Ω M = 0.27, Ω bar = 0.0469, Hubble parameter h = 0.70, and initial spectrum with spectral index n = 0.95. The edge length of the (comoving) simulation box is 250 h −1 Mpc and the number of particles N = 2048 3 , which amounts to a mass resolution of 1.35·10 8 h −1 M ⊙ per particle and a discretization length of 0.122 h −1 Mpc. The (Plummer) softening length is 1 h −1 kpc (physical, that is, not comoving). Our statistical analysis only requires the present time z = 0 snapshot and the corresponding list of halos, both obtained from the MultiDark database [37] . Naturally, we are interested in the bound-density-maxima (BDM) halos rather than in the friends-of-friends (FOF) halos (like in [36] , where there is information about the latter as well).
The VL2 simulation [23] focuses on the formation of a single, Milky-Way size CDM halo, using the method of refinement. The simulation assumes cosmological parameters Ω Λ = 0.76, Ω M = 0.24, Hubble parameter h = 0.73, and initial spectrum with spectral index n = 0.95. The edge length of the (comoving) simulation box is 40 h −1 Mpc. The halo is refined with more than 10 9 high-resolution particles, achieving a resolution of 4098 M ⊙ per particle. The softening length is 40 pc (physical after z = 9).
Multifractal analysis of the Bolshoi simulation
For the multifractal analysis of the Bolshoi simulation, we apply the counts-in-cells method described in detail in [19] . In the multifractal analysis of an N -body simulation by countsin-cells, there are two scales that play a fundamental role: the homogeneity scale and the discretization length N −1/3 . The former is a physical scale, produced by the evolution of gravitational clustering, whereas the latter just marks where the discretization effects dominate, on average. Multifractal scaling is expected to take place in a range between those two scales, that is to say, in the range in which the self-similar cosmic-web structure can be observed. The homogeneity scale of the Bolshoi simulation can be determined as in [15, 19] and is l 0 = 15.6 h −1 Mpc, similar to the ones found in [15, 19] . 2 Actually, the transition to homogeneity is not very sharp, beginning at a scale of about 8 h −1 Mpc and ending at about 30 h −1 Mpc. The discretization length, N −1/3 = 2 −11 , is 0.12 h −1 Mpc.
The range between the discretization scale and the homogeneity scale in the Bolshoi simulation is four times larger than in the Mare-Nostrum simulation, as corresponds to the better resolution of the former. In the Mare-Nostrum simulation, the coarse multifractal spectra between scales 4 and 0.12 h −1 Mpc (a factor of 32) have been shown to coincide, in their ranges of definition [19] . In the Bolshoi simulation, we can proceed with the calculation of coarse multifractal spectra to lower scales, namely, down to 0.03 h −1 Mpc. The corresponding eight coarse multifractal spectra (corresponding to a factor of 128) are plotted in Fig. 1 , on the left-hand side. They are similar to the ones of the Mare-Nostrum simulation and demonstrate that the cosmic web has the typical multifractal spectrum of a self-similar multifractal [35] . The right-hand side of Fig. 1 shows the plot of the Rényi dimension D q , computed at the scale 2.0 h −1 Mpc. This scale is in the middle of the interval of the three scales in Fig. 1 (left) that include the full multifractal spectrum, namely, that include the upper-α region, corresponding to voids. We use the q = 1, 2 entropic coefficients only. For the corresponding cosmic-web Rényi dimensions, we obtain D 1 = 2.46 and D 2 = 1.82, which are similar to those obtained from other N -body simulations [15, 19] . If we divide D 1 and D 2 by three, resulting 0.82 and 0.61, respectively, we have, approximately, the large-r values of the corresponding entropic coefficients of individual halos. However, the calculation of D q involves an average and the large-r limit of the Rényi dimension of spherical shells can take substantially different values for different halos. The Rényi dimension D 1 corresponds to the point in the multifractal spectrum such that f (α) = α, the dimension of the so-called "measure's concentrate" (the measure is the mass) [35] . Since we can associate the region where the mass concentrates with the set of "typical" halos, we deduce that D 1 gives a better idea of the expected limit value of the corresponding entropic coefficient than D 2 does: indeed, q = 2 corresponds to especially concentrated halos, so the limit of the Rényi dimension of spherical shells for a "typical" halo should have a value larger than D 2 /3 = 0.61.
Let us notice that two coarse multifractal spectra in Fig. 1 (left) correspond to scales smaller than the discretization length, l = N −1/3 = 2 −11 . In consequence, they only contain information on the smallest values of the local dimension α, that is to say, on the densest regions. The smallest scale, l = 2 −13 , is really small, namely, 31 h −1 kpc, and the corresponding coarse multifractal spectrum hardly extends to the point that represents the concentrate of the mass. However, these coarse multifractal spectra, necessarily restricted to strong mass concentrations, seem to represent these fairly well.
Analysis of Bolshoi's quasi-spherical halos
The largest halo in the list of Bolshoi halos [37] has r vir = 2.14 h −1 Mpc, and there are 269 halos with r vir > 1 h −1 Mpc. The heaviest halos must be considered exceptional, if we take into account that there should be at least one normal halo per homogeneity volume. Let us quantify this concept of normality. If we take, for convenience, as the homogeneity volume a cube of 31.2 h −1 Mpc, that is to say, the 1/512 fraction of the simulation box volume, then the 500 heaviest halos, approximately, are exceptional (unless they have approximately the same mass, which is not the case). Let us recall that exceptional mass concentrations give rise to negative fractal dimensions in random multifractals, as explained in [19] . We might exclude the top 500 halos, ordered by halo mass, say (halo mass M vir = mass of bound particles within r vir ). At any rate, the requirement of negligible triaxiality, in particular, of a ratio of minor to major axis larger than 0.85, is also restrictive: the largest compliant halo ranks 481th (in order of M vir ). This halo has r vir = 0.886 h −1 Mpc and M vir = 7.47 · 10 13 h −1 M ⊙ , and it is the first one that we analyze. We select other three smaller halos, with axis ratio larger than 0.9 and which are distinct halos (not sub-halos). We calculate entropic coefficients for these four halos, employing the method described in Sect. 2.2. The transition from smoothness to graininess in each halo, as measured by the q = 1 and q = 2 entropic coefficients, is shown in Fig. 2 .
In Fig. 2 , we can observe the progressive decrease of smoothness (increase of graininess) with increasing radius, from values close to one (total smoothness) to values that approximately tend to the asymptotic values corresponding to the multifractal cosmic-web structure, namely, 0.8 and 0.6, for q = 1 and q = 2, respectively. As expected, there are considerable fluctuations superposed on the decreasing trend, due to subhalos (in spite the elimination of the four most populated cells of every shell).
Remarkably, nothing special happens at the virial radius. Besides, the second halo, with r vir = 0.56 h −1 Mpc and M vir = 1.97 · 10 13 h −1 M ⊙ , has higher values of the asymptotic en-tropic coefficients than the third one, with r vir = 0.33 h −1 Mpc and M vir = 3.01·10 12 h −1 M ⊙ . This suggests that the mass concentration is stronger in the third halo than in the second halo, in spite of the fact that the third halo has smaller virial radius and virial mass than the second one. Indeed, the smoothness radius of the second halo is smaller than the smoothness radius of the third one. Furthermore, if we measure the strength with the (coarse) local dimension [14, 15] , namely,
where M is the mass concentrated in a volume of diameter l and the values with subscript 0 correspond to homogeneity (with l 0 = 31.2 h −1 Mpc), and we take as l twice the smoothness radius, then we obtain for the second halo α = 1.6 and for the third one α = 1.4. The latter indicates greater strength (let us recall that α ∈ [0, 3], with 0 corresponding to the maximum strength).
Analysis of the Via Lactea II halo
The analysis of graininess in the VL2 halo made by Zemp et al [22] , employing the Gini coefficient and subhalo and void frequencies, shows that graininess increases steadily with radius. The Gini coefficient steadily increases from small values at small radii to G = 0.3828 at r = 200 kpc and G = 0.6193 at r = 400 kpc (note that the 200 background density radius is r 200b = 402.1 kpc). The conclusion is that the outskirts of dark matter halos have a clumpy structure [22] . Zemp et al do not specify what "the outskirts" are, but they surely mean the regions with r 400 kpc.
For our entropic analysis, we use the random subset of 100000 dark matter particles at redshift z = 0 within r = 800 kpc available at the VL project web-page [38] . The use of this subset might seem to reduce the resolution of the halo, but the random selection of a subset of particles at z = 0 is independent of the dynamics, which corresponds to the full set of particles. Nevertheless, the statistical errors of smoothness measures are larger in the reduced set of particles than in the full set. At any rate, 100000 particles are sufficient for our purposes, even more than the number of particles available for the smaller aboveanalyzed Bolshoi halos; so we expect that the values of the entropic coefficients are accurate. Of course, the Gini coefficients obtained with 100000 particles are not directly comparable with the ones obtained with the full set of particles by Zemp et al [22] (our algorithm also computes the Gini coefficients, but they do not add anything relevant and are not shown). The q = 1 and q = 2 entropic coefficients shown in Fig. 3 confirm Zemp et al's results and provide more information.
One remarkable feature of the plot of entropic coefficients (Fig. 3) is that these coefficients stay nearly constant for small radii, up to r = 300 kpc. This indicates that the distribution of particles is rather smooth for small radii but starts becoming grainy not far from r 200b . Zemp et al's quantifiers, especially, the Gini coefficient, show it as well (see Table 1 in [22] ). At any rate, a detailed study of the VL2 distribution [23] shows that the inner density profile is "cuspy" (singular) and there are many subhalos close to the center. In fact, Diemand et al [23] write in the abstract: "We find hundreds of very concentrated dark matter clumps surviving near the solar circle, . . . The simulation reveals the fractal nature of dark matter clustering."
Finally, let us note that, once that the decrease of smoothness begins in Fig. 3 , it continues, and the coefficients do not seem to stabilize, although there is a slight indication that they may do so at the end of the plot. In any event, we have to take into account that the radius range in Fig. 3 is considerably smaller than in the plots of Fig. 2 and it is natural that the convergence to the cosmic web take place at larger radius.
Discreteness and smoothness of halos
As said in the introduction (Sect. 1), the smoothness of halos is influenced by the discreteness parameters, namely, N (or the discretization length), and the softening length ǫ. The optimal choice of softening is still a debated issue [25-28, 39, 40] . Normally, the problem of choosing ǫ is formulated as follows: Given a bound gravitational structure of linear size R, for example, a dark matter halo, represented by a set of N particles, the optimal softening length ǫ has to be determined in terms of N and R. There are several criteria to do it. The deduced dependence of the softening length ǫ on N and R goes from ǫ ∼ RN −1 , based on the classic criterion of avoiding close encounters [41] , to ǫ ∼ RN −1/3 , that is, a softening length of the order of the discretization length. The latter is certainly the safest choice [25] [26] [27] [28] . Writing ǫ ∼ RN −β , we have 1/3 ≤ β ≤ 1. A sophisticated statistical criterion, based on the mean integrated square error (MISE) of the gravitational force, yields values of β that are in the range 0.2 ≤ β ≤ 0.44 [39, 40] , about the value 1/3. The usual choice, ǫ ∼ RN −1/2 [7, 24] , does not guarantee small errors in halo centers [40] . One thing to notice in all these relations is that ǫ is proportional to R. This is imposed by dimensional analysis, but only in the case of dealing with an isolated set of N bound particles. In contrast, in cosmological N -body simulations, N is the total number of particles in the simulation box, which has nothing to do with the number of particles in one particular halo. In other words, we have another length parameter, namely, the size of the simulation box L, so ǫ does not have to be proportional to R. Assuming that the existence of individual halos bears no relation to the size of the simulation box and, hence, to the total number of particles N , it is better to express the softening length in terms of local quantities, namely, the discretization length, ℓ = LN −1/3 and the size of a "typical" halo, R. Now, dimensional analysis imposes no restrictions on the function ǫ(ℓ, R). Of course, we are also assuming that the range of halo sizes is bounded and not too large, but this is the basic tenet of halo models [3] . Naturally, before thinking of a range of halo sizes, it is necessary to know how to define the size of a given halo. It is normal to choose the virial radius, derived through the spherical collapse model, but here we consider more reasonable to resort to the smoothness properties. In conclusion, a reasonable value of R for a given simulation should be some average of the smoothness size of normal halos (non-exceptional halos, in the sense discussed at the beginning of Sect. 3.3).
Since both the discreteness parameters ℓ and ǫ are fixed once and for all before starting the N -body simulation, whereas the sizes of halos belong to the result of the simulation, it is preferable to write the relation among the three quantities as R(ℓ, ǫ). This function expresses the combined effects of the diffusion by close encounters and of the softening of strong mass concentrations on the size of halos. Ideally, the function would be weakly dependent on the variables ℓ and ǫ, so these parameters would have little influence on the size of halos, and the value of R could be ascribed to the initial conditions. In fact, the evidences point to a substantial influence of discreteness [18] .
In this regard, it would be very interesting to determine the separate influences of ℓ and ǫ on R. While a finite ℓ (a finite N ) introduces corrections to the mean-field Vlasov-Poisson dynamics, partially remedied by the gravity softening, this softening also perturbs the VlasovPoisson dynamics. Joyce et al [28] discuss the separate role of both parameters and point out that the rigorous Vlasov-Poisson limit, ℓ → 0, is to be taken at fixed finite ǫ, resulting in a smoothed version of the Vlasov-Poisson equations. One may ask what lim ℓ→0 R(ℓ, ǫ) is. To answer this, dimensional analysis is again helpful, and lim ℓ→0 R(ℓ, ǫ) ∼ ǫ. This is natural, because, without discretization, the softening on a scale ǫ should produce smoothing on the same scale. In other words, if halo sizes are determined by smoothness, these sizes must be of the order of ǫ. Therefore, the subsequent ǫ → 0 limit that leads to the actual Vlasov-Poisson equations makes halo sizes vanish. Simultaneously, the number density of halos diverges. As suggested by Diemand et al [23] : "at infinite resolution one would find a long nested series of halos within halos within halos etc." The simultaneous halo size vanishing and numberdensity divergence imply that the relevant solutions of the Vlasov-Poisson equations are fully singular, that is, contain non-isolated singularities, as corresponds to a self-similar cosmic web structure that is present on ever decreasing scales. Of course, the limit ℓ → 0 at fixed finite ǫ or, in other words, the domain of discreteness parameters such that ǫ ≫ ℓ, is not studied by cosmological N -body simulations.
However, information on the domain ǫ ≫ ℓ is provided by the adhesion model [1, 2] . In the adhesion model with finite viscosity ν, the cosmic-web sheets, filaments and nodes are not singular but have widths proportional to ν, which plays a regularizing role, like ǫ does in the Vlasov-Poisson equations. Since the adhesion model is analytically soluble in the limit ν → 0, the exact form of the distribution in this limit is known. In particular, the solutions of the adhesion model corresponding to cosmological initial conditions contain in the limit ν → 0 dense sets of singular mass concentrations of the three types: sheets, filaments and nodes [42] . By a set being "dense" is meant that any volume, however small, intersects the set. Remarkably, the formation of dense sets of singular mass concentrations is independent of the exact type of initial power spectrum of fluctuations and is due just to the bottom-up structure formation characteristic of CDM. If we associate the halo centers of the regularized Vlasov-Poisson equations with the nodes of the adhesion model, we deduce that, when the regularization is removed, halo sizes vanish and these zero-size "halos" become so prevalent that any volume contains an infinite number of them.
Conclusions
To summarize, our analysis of the smoothness or, alternately, graininess of halos is based on the application of robust entropic measures related to statistical measures of inequality that are employed in economy. The entropic coefficients that we have defined, being related to Rényi dimensions, can actually measure properties of a continuous distribution of matter, unlike, for example, the Gini coefficient, employed by Zemp et al [22] , which does not have a continuum limit. The entropic coefficients of spherical shells centered on a halo are well suited to describe the transition, as the shell radius grows, from smoothness or mild anisotropy to the graininess or strong anisotropy associated with a cosmic web structure. The entropic coefficients of a shell are estimated by counts-in-cells. We find it appropriate to use shells containing 1024 particles and use, for each shell, a 8×8 mesh on the unit square of cylindrical equal-area coordinates.
The uniform distribution in an inner spherical shell of a halo is altered by two factors: halo shape, namely, halo triaxiality, and the possible intersection of the shell with subhalos. Both factors produce a varying density but do not really produce non-smoothness, except if the shell intersects singular subhalo centers. However, because we have a limited number of particles per shell (chosen as 1024), the statistical estimation of entropic coefficients is subject to errors coming from both smooth and non-smooth sources of anisotropy, which are not easily distinguishable. To prevent anisotropy due to triaxiality we choose quasi-spherical halos. At any rate, the worst source of anisotropy is the intersection with subhalo centers. We mitigate this effect by removing the four most populated cells of any shell (out of the total 64 cells). However, we find that the entropic coefficients fluctuate considerably, namely, they undergo frequent dips due to subhalos. Nevertheless, an average descending pattern is always clearly discernible.
We have analyzed several halos from the Bolshoi N -body simulation and, also, the Via Lactea II halo, studied by Zemp et al [22] , for a comparison. We find, like Zemp et al, a progressive and essentially monotonic growth of graininess or anisotropy with growing radius and, furthermore, we observe that the growth of graininess stops at some radius, for every halo. The radius at which the limit graininess or anisotropy is attained marks the end of the smooth halo and the beginning of the cosmic web structure. The smoothness radii of the analyzed halos are considerably larger than their virial radii. Moreover, there is no strict correlation between both types of radii, although there is a global trend of diminishing smoothness radii with virial radii. We propose that the smoothness radius gives a better measure of the mass concentration in a halo.
The smoothness of halos in N -body simulations is presumably due to discreteness effects. A quantitative analysis of the effects of discreteness demands a deeper understanding of the influence of the discreteness parameters, in other words, of the nature of the function R(ℓ, ǫ) that describes the size of halos in terms of the fundamental parameters, namely, the discretization length ℓ and the softening legth ǫ. Nevertheless, we argue that the removal of these parameters in a physically meaningful way leads to the vanishing of halos, while their number density diverges.
